It is shown that the AdS-Lorentz superalgebra proposed in Ref.
I. INTRODUCTION
The Maxwell algebra was introduced in the early seventies [3] , [4] but it is only recently that has attracted more attention [5] , [6] , [7] , [8] , [9] . This algebra describes the symmetries of a particle moving in a background with a constant electromagnetic field.
The renewed interest in the Maxwell symmetry is due to its supersymmetrization leads to a new N = 1, D = 4 superalgebra, containing the Poincare superalgebra as its subalgebra [6] . Even more interestingly, in Ref. [9] it has been argued that the gauged Maxwell algebra generalizes the cosmological term in Einstein gravity. The supersymmetric version, on the other hand, seems to be specially appealing and with a beautiful interpretation: It describes the supersymmetries of N = 1, D = 4 superspace in the presence of a constant abelian supersymmetric field strength background [6] . The anti de-Sitter (AdS) counterpart of the Maxwell algebra namely the AdS-Maxwell algebra, and its supersymmetric extension, have also been considered in [10] and [11] respectively. The Maxwell algebra and its AdS-Maxwell analogue are both non semisimple, and therefore they have a degenerate Cartan-Killing metric. However, in ref. [1] a semisimple tensor extension of the Poincare algebra, which we call AdS-Lorentz algebra, is proposed. Following this reference, it is also shown that, in D = 4 dimensions, the AdS-Lorentz algebra admits N = 1 supersymmetric extension.
The AdS-Lorentz algebra has the peculiarity that it can be obtained as an S-expansion mechanism [12] , [13] , [14] , [15] , [16] of the AdS algebra SO(D − 1, 2). S-expansions are systematic ways to enhance symmetries and they are particularly interesting because they provide of the invariant tensors associated to the expanded algebra. This is a key ingredient in the construction of Chern-Simons theories.
In this work, three goals are achieved: First of all it is shown that the AdS-Lorentz superalgebra can be obtained as an S-expansion mechanism of the orthosymplectic algebra OSp (N, 4) . Secondly, the invariant tensors of the AdS-Lorentz superalgebra are computed and the Casimir operators given in [1] are re-obtained. Finally, we construct the associated D = 2 + 1 dimensional Chern-Simons supergravity action. The discussion throughout this paper is organized as follows: In Section II we introduce the AdS-Lorentz superalgebra. In Section III we briefly review the main aspect of the S-expansion procedure and it is shown that the AdS-Lorentz superalgebra SO(2, 1) ⊕ OSp(2|1) ⊗ Sp(2) can be obtained from the N = 1 anti-de-Sitter super algebra OSp(2|1) ⊗ Sp(2) via the S-expansion procedure. In section IV, we compute the Chern-Simons supergravity action in (2 + 1)−dimensions. A brief comment in section V concludes this paper.
II. THE ADS-LORENTZ SUPERALGEBRA
In D = 4 dimensions, the AdS-Lorentz algebra admits the following supersymmetric generalization [1] ,
Here Q α are the super translation generators and Z ab is the second rank antisymmetric tensor which characterizes the extension. Moreover a, c and d are arbitrary real constants
[γ a , γ b ], where the γ a are Dirac matrices. In the limit a → 0, N = 1, the standard Maxwell superalgebra is recovered.
The superalgebra (1)- (10) has been addressed in different ways in literature. Throughout this work, we call it AdS-Lorentz superalgebra.
In order to obtain the AdS-Lorentz superalgebra in D = 3 dimensions, a possible way to do so is to introduce arbitrary parameters in the (anti)-commutation relations similar to the ones for D = 4 dimensions,
Here µ, ν, χ, τ , ζ are arbitrary constants and we choose a representation for the Clifford algebra in three dimensions in terms of gamma matrices:
with η 00 = −η 11 = −η 22 = −1 and γ
where σ x , σ y , and σ z are Pauli matrices and C stands for the charge conjugation matrix.
Using the Jacobi identities we find
The same superalgebra (1-10) is obtained for D = 3 if we choose
In what follows we will use the following superalgebra for D = 3
where the generators N ab are given by
The set generators {N ab } form a basis for the Lorentz algebra SO(2, 1). The {L ab , L a } generators, on the other hand, are defined by
which together with the generator Q
Q α form a basis for the OSp(2|1) ⊗ Sp (2) algebra, which is the N = 1 AdS superalgebra in D = 3 dimensions. Note that the algebra
III. THE S-EXPANSION OF THE ADS SUPERALGEBRA
In this section we briefly review the general abelian semigroup expansion procedure.
Consider a Lie algebra g and a finite abelian semigroup S = {λ α }. According to Theorem 3.1 from Ref. [12] , (see also [13] , [14] , [15] , [16] ) the direct product S × g is also a Lie algebra.
Interestingly, there are cases when it is possible to systematically extract subalgebras from S × g. Start by decomposing g into a direct sum of subspaces, as in g = p∈I V p , where I is a set of indices. The internal structure of g can be codified through the subsets
When the semigroup S can be decomposed in subsets
Ref. [12] ).
An even smaller algebra can be obtained when there is a zero element in the semigroup, i.e., an element 0 S ∈ S such that, for all λ α ∈ S, 0 S λ α = 0 S . When this is the case, the whole 0 S × g sector can be removed from the resonant subalgebra by imposing 0 S × g = 0. The remaining piece, to which we refer to as 0 S -reduced algebra, continues to be a Lie algebra (see 0 S -reduction and Theorem 6.1 from Ref. [12] ).
In order to obtain the SO(2, 1) ⊕ OSp(2|1) ⊗ Sp(2) superalgebra as an S-expansion of anti-de-Sitter OSp(2|1) ⊗ Sp(2) superalgebra. The first step consists of splitting the algebra into subspaces, i.e g = OSp(2|1) ⊗ Sp(2) = V 0 ⊕ V 1 ⊕ V 2 , where V 0 corresponds to the Lorentz subalgebra SO(2, 1) which is generated by J ab , V 1 corresponds to the supersymmetry translation generated by Q α and V 2 corresponds to the AdS boost generated by P a .
The generators J ab , Q α , P a satisfy the following commutation relation (D = 3)
which have the following subspace structure
The second step consists of finding an abelian semigroup S which can be partitioned in a "resonant" way with respect to (36). We shall consider the expansion using two different semigroups (see [2] ).
A. Semigroup S S3
Let us consider first the semigroup S S3 = λ 0 , λ 1 , λ 2 , λ 3 defined by the product table:
A straightforward but important observation is that, for each λ α ∈ S, λ 3 λ α = λ 3 , so that λ 3 plays the role of the zero element inside S S3 . Consider now the partition S = S 0 ∪ S 1 ∪ S 2 ,
This partition is said to be resonant, since it satisfies [compare eqs. (36) with eqs. (41)]
Using Theorem 4.2 from Ref. [12] one sees that the algebra
is a resonant subalgebra of S S3 × g, where
Finally, we impose the condition λ 3 × g = 0 on G R and relabel its generators in the form J ab,1 = λ 1Jab ; J ab,2 = λ 2Jab ; Q α,0 = λ 0 Q α ; P a,2 = λ 2Pa . This procedure leads us to the following commutation relations:
where we have used the commutation relations of the AdS superalgebra and the law of multiplication of the semigroup (37). 
B. Semigroup S S2
Let us consider the semigroup S S2 = {λ 0 , λ 1 , λ 2 } defined by the multiplication law (see [2] )
Take now the partition S = S 0 ∪ S 1 ∪ S 2, with
This partition is said to be resonant, since it satisfies
As in the previous case, Theorem 4.2 from Ref. [12] now assures us that
is a resonant subalgebra of S S2 × g, where
Relabelling the generators of the resonant sub-superalgebra as
we are left with the following commutation relations:
which is the supersymmetric extension of the so called AdS-Lorentz algebra.
The relationship between multiplication tables of semigroups S S3 and S S2 is given by (see [2] )λ
This amounts to a change of basis in S S2 and leads to the following multiplication table (see
The Maxwell superalgebra can be obtained from the AdS-Lorentz superalgebra (74)- (83) by means of a generalized Inönü-Wigner contraction [17] . In fact, the rescaling
in (74)- (83) provides, in the limit λ → ∞, the N = 1 Maxwell superalgebra (see [17] )
C. AdS-Lorentz Casimir operators
In ref. [18] was found that the invariant tensors for the AdS superalgebra in (2 + 1) dimensions are given by
J ab P c =μ 1 ǫ abc (100)
which are also the components of the Killing metric for the AdS superalgebra
Following the procedure developed in ref. [2] , we have
i.e.,
so that, k a,b = 0 and
(110)
so that
In the same way we obtain
so that, α = 0. Since k a,b = 0, we have
we have,
Summarizing we have found that
This means that the Casimir Operator for the AdS superalgebra in d = 3 is given by
From [2] we know that the Casimir operator for S-expanded Lie algebras is given by
where C AB are the components of the Casimir operator for the original algebra g and m αβ is the inverse of the matrix m αβ = α γ K γ αβ . The two-selectors K γ αβ of S S2 can be represented as (see [2] )
This implies that the metric m αβ for S S2 reads
The inverse matrix is then given by
where
so that the quadratic Casimir Operator for the semi-simple extended Poincaré superalgebra in d = 3 have the form
(129)
we obtain
This means that the semi-simple extended Poincaré superalgebra in d = 3 posses two independent Casimir operators
IV. ADS-LORENTZ CHERN-SIMONS SUPERGRAVITY IN D = 3
In this section we present the construction of the Chern-Simons supergravity action in (2 + 1)−dimensions.
A. The Invariant Tensor
In Ref. [18] was found that the invariant tensors for the AdS superalgebra in (2 + 1)− dimensions are given by eqs. (99-102). Now, following Theorem 7.2 from Ref. [12] ensures us that the only nonzero components of a symmetric invariant tensor for the AdS-Lorentz superalgebra are:
L ab L cd =α 2 (η ad η bc − η ac η bd ) (135)
Let us now turn to gauging the AdS-Lorentz superalgebra. To this end we write down gauge field A, valued in this superalgebra
The Chern-Simons Lagrangian in (2 + 1) −dimensions [19] , [21] , is given by
Inserting (139) into (140) and using (134-138), the Chern-Simons action for the AdS-Lorentz superalgebra, in the basis {N ab , L ab , L a3 , ψ α } , is given by
